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Abstract
By work of De Concini, Kac and Procesi the irreducible representations
of the non-restricted specialization of the quantized enveloping algebra of
the Lie algebra g at the roots of unity are parametrized by the conjugacy
classes of a group G with Lie(G) = g. We show that there is a natural di-
mension preserving bijection between the sets of irreducible representations
associated with conjugacy classes lying in the same Jordan class (decom-
position class). We conjecture a relation for representations associated with
classes lying in the same sheet of G, providing two alternative formulations.
We underline some evidence and illustrate potential consequences.
1 Introduction
The representation theory of the quantized enveloping algebra Uε(G) of a Lie
algebra g at the roots of unity is not completely understood. Big steps towards
its comprehension have been made by De Concini, Kac and Procesi in the early
90’es. They have shown that simple modules are always finite-dimensional, they
settled a relation between irreducible representations and conjugacy classes in a
suitable groupG whose Lie algebra is g by passing through central characters, and
they formulated a conjecture relating the dimensions of irreducible representations
on the one hand and of the associated G-conjugacy classes on the other hand.
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The conjecture has been proved in several cases, such as regular classes ([11]),
subregular unipotent classes in SLn(C) ([5]), when the order of the root of unity
is an odd prime ([3]), spherical conjugacy classes ([4], [6]). There is also a not yet
published proof by Kremnitzer valid for all unipotent conjugacy classes. However,
a general proof is not available. More recently, the representation theory of these
algebras has been studied in [12, 13], where the analysis of branching rules for
representations associated with regular conjugacy classes has been carried over.
Motivated by the above mentioned conjecture among other reasons, an analy-
sis of sheets of conjugacy classes has been started in [7]. These are the irreducible
components of the locally closed subsets of G consisting of elements whose con-
jugacy class has a fixed dimension. The main source of inspiration was the anal-
ogous work, for adjoint orbits, of Borho and Kraft ([1, 2]). It is natural to expect
that representations of the quantized universal enveloping algebra associated with
classes lying in the same sheet should share some properties.
We recall that G can be parted into a finite union of so-called Jordan classes or
decomposition classes. These are irreducible locally closed sets given by unions
of conjugacy classes with same unipotent part and semisimple part with same con-
nected centralizer. Every sheet contains a dense Jordan class. As a consequence of
the reduction theorem in [9], we establish a relation between irreducible represen-
tations associated to conjugacy classes in the same Jordan class. It states that there
is a natural dimension preserving bijection between the sets of representations as-
sociated to conjugacy classes lying in the same Jordan class (Theorem 2.4).
A key role in the description of sheets is played by the induction procedure
that produces a conjugacy class in G starting from a conjugacy class in a Levi
subgroup of a parabolic subgroup of G. For unipotent conjugacy classes this
construction was introduced by Lusztig and Spaltenstein in [18]. The dimension
of the induced class is related by a simple formula to the dimension of the class in
the Levi subgroup.
Sheets are described as a union of induced conjugacy classes from a Levi
subgroup L strictly related to the dense Jordan class.
On the other hand, a quantum analogue of parabolic subalgebras and of their
Levi subalgebras l are available, and parabolic induction allows for the construc-
tion of a Uε(G)-module from a Uε(L)-module, with good control on central char-
acters. Again, the dimension of the induced module is related by a simple formula
to the dimension of the module one is inducing from. For the classes in the sheet
lying in the dense Jordan class, induction coincides with saturation and we know
that in this case the irreducible representations are induced from irreducible rep-
resentations of a quantized enveloping algebra of a Levi subalgebra of a parabolic
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subalgebra by [9]. This is precisely the Lie algebra of the subgroup L. However,
for the classes in the sheet lying in the boundary of the Jordan class, induction
can be different from saturation. We conjecture that also in this case the two in-
duction processes should match. We see here an analogy with the results in [18],
where it is shown that, over the complex numbers, induction of unipotent con-
jugacy classes behaves well with respect to Springer’s correspondence relating
unipotent conjugacy classes of a semisimple algebraic group G to the irreducible
representations of its Weyl group. We provide two alternative formulations of our
conjecture (Theorem 2.9). If confirmed, it would shed new light on the represen-
tation theory of Uε(G) and its validity could also be applied to the study of the
De Concini, Kac and Procesi conjecture (Remark 2.10). We provide evidence of
our conjecture for cases in which the De Concini, Kac and Procesi’s one has been
verified, such as regular classes and subregular classes in type An.
This paper is an expanded version of a lecture given at the conference “Hopf
algebras and tensor categories”, Almerı´a, July 2011. One of the aims of the talk
was to underline the interplay between existing results on representations of quan-
tum groups at the roots of unity and new results on algebraic groups. Ideas that
might be known to some experts can be expressed in the framework of induced
conjugacy classes, decomposition classes and sheets of conjugacy classes, whose
systematic description has been only recently made available. We think that it is of
interest to put such results on representation theory into this developing context.
2 Notation
Unless otherwise stated, H is a connected reductive, complex algebraic group,
and G is a complex semisimple algebraic group whose simple factors are simply-
connected. Both for G and H , T is a fixed maximal torus contained in a Borel
subgroup B, Φ is the root system associated with T , Φ+ is the set of positive roots
relative to B, Π = {α1, . . . , αn} is the set of simple roots. The Borel subgroup
opposite to B will be denoted by B− and the corresponding unipotent radicals
will be denoted by U and U−. We shall denote by Q = ZΦ the root lattice, by
Λ the weight lattice, and by W the Weyl group of G or H . A standard parabolic
subgroup of G or H will be usually denoted by P . By L we will indicate a
standard Levi subgroup of it, whereas its unipotent radical will be indicated by
UP . By abuse of terminology, we will call L a Levi subgroup of G or of H . By
P− and U−P we shall indicate the standard parabolic subgroup opposite to P and
its unipotent radical U−P , respectively. The subset of Π associated with L will be
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usually denoted by ΠL and we put BL = B ∩ L, B−L = B− ∩ L. The conjugacy
class of an element k in a group K will be usually denoted by OKk and we will
denote the operation of conjugation of x on k by x ·k = xkx−1. The centralizer of
k in K will be denoted by Kk, whereas the centralizer in K of a subgroup S will
be denoted by CK(S). For any algebraic group K, its identity component will be
indicated by K◦.
By a gothic letter we will usually indicate the Lie algebra of the group indi-
cated by the corresponding capital letter, for instance g = Lie(G), h = Lie(H).
For an associative algebra A, let Rep(A) and Spec(A) denote the set of isomor-
phism classes of A-modules, and of simple of A-modules, respectively.
Let ℓ be a positive odd integer coprime with the bad primes of g = Lie(G)
(cf. [21, E-12, §4]), let ε be a primitive ℓ-th root of 1 and let Uε(G) be the De
Concini-Kac specialization ([8]) of the quantized enveloping algebra of g at ε
corresponding to the isogeny class of G. More precisely, the Cartan part Uε(T ) of
Uε(G) will be generated by the elements Kξi for i = 1, . . . , n with {ξi}1≤i≤n a
basis of the character group M = X(T ) of T .
As usual, we construct the root vectors in Uε(G) starting from a fixed reduced
decomposition of the longest element w0 = si1 · · · siN in W and the associated
ordering of the positive roots:
βir = si1 · · · sir−1(αir), for r = 1, . . . , N.
We consider Lusztig’s action of the braid group and the automorphisms Ti ([19])
so that the positive root vectors are then defined as Eβr = Ti1 · · ·Tir−1(Eir) and
the negative ones by Fβr = ω(Eβr), where ω is the anti-automorphism interchang-
ing Ei with Fi. Then, the quantum version of Poincare´-Birkhoff-Witt theorem
states that
{F aNβN · · ·F
a1
β1
Kc1ξ1 · · ·K
cn
ξn
Eb1β1 · · ·E
bN
βN
, | ai, bj ∈ Z≥0; ci ∈ Z}
is a basis of Uε(G).
It is well-known that the Hopf algebra Uε(G) has a large center, containing
the Hopf subalgebra Z0(G) generated by the ℓ-th powers of the root vectors and
of the Cartan generators Kλ. This subalgebra is independent of the choice of the
reduced expression of the longest elementw0 ofW , as it is the minimal subalgebra
of Uε(G) closed under the Poisson bracket and containing the ℓ-th powers of the
Chevalley generators and of the Kλ, for λ ∈M ([12, Page 22]).
Restriction of an irreducible Uε(G)-module V to Z0(G) determines a natural
map Ξ: Spec(Uε(G)) → Spec(Z0(G)) obtained by associating to V its Z0(G)-
central character.
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In [10, §4] a natural map π : Spec(Z0(G)) → B−B ⊂ G is defined and it
is shown that π is an unramified covering of the big cell B−B. It is obtained as
follows. Since Z0(G) ∼= Z−0 (G)⊗ Z00(G)⊗ Z+0 (G) where Z±0 (G) are generated
by ℓ-th powers of root vectors of fixed positivity and Z00(G) is generated by the
ℓ-th powers of the Cartan elements Kλ, we have a decomposition
Spec(Z0(G)) ∼= Spec(Z
+
0 (G))× Spec(Z
0
0(G))× Spec(Z
−
0 (G)).
The map π is a product of the map π0 : Spec(Z00(G)) ∼= T → T obtained by
taking the square of an element, with two birational isomorphisms
π± : Spec(Z±0 (G))→ U
±
which are constructed as follows. Let fi, ei ∈ g be Chevalley generators, let
fβ ∈ g be the root vectors constructed by Tits by using the operators T ′i =
exp(adfi) exp(adei) exp(adfi). Let T0 = Ti1 · · ·TiN , and let T ′0 = T ′i1 · · ·T ′iN .
Then
π−(χ) = exp(χ(yβN )fβN ) · · · exp(χ(yβ1)fβ1)
where yβr = cℓβrF
ℓ
βr
for suitable scalars cβr and
π+(χ) = exp(χ(T0(yβN ))T
′
0(fβN )) · · · exp(χ(T0(yβ1))T
′
0(fβ1)).
Then, π(χ−, χ0, χ+) = π−(χ−)π0(χ0)π+(χ+). Let us observe that χ+ = 0 if and
only if π(χ) ∈ B−.
It is shown in [10, §7] that, for G simply-connected, the group Spec(Z0(G))
is isomorphic to the Poisson dual group HG of G, where
HG = {(sv, tu) ∈ TU
− × TU | t = s−1}.
After this identification, the map π is given by (sv, tu) 7→ (vs)−1(tu) ∈ B−B.
Remark 2.1 The composition π ◦ Ξ has the following properties:
1. The fiber of g ∈ B−B through π ◦ Ξ is Spec(Uχ(G)) for some fixed finite-
dimensional quotient of Uε(G), namely Uχ(G) ∼= Uε(G)/(z − χ(z), z ∈
Z0(G)), with π(χ) = g ([10, Thm 6.1]).
2. The Poincare´-Birkhoff-Witt theorem is compatible with taking the quotient
by (z − χ(z), z ∈ Z0(G)) so
{F aNβN · · ·F
a1
β1
Kc1ξ1 · · ·K
cn
ξn
Eb1β1 · · ·E
bN
βN
, | 0 ≤ ai, bj , ci ≤ ℓ− 1}
is a basis of Uχ(G).
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3. If g = π(χ) and h = π(ξ) are G-conjugate and lie in B−B, then Uχ(G) ∼=
Uξ(G) ([10, Thm 6.6]). Therefore, it is not restrictive to look only at repre-
sentations of Uχ(G) with π(χ) ∈ B−.
As a consequence of the above remark, a map ϕ from Spec(Uε(G)) to the set
of conjugacy classes of G is defined.
De Concini, Kac and Procesi formulated in [10] the following conjecture:
Conjecture 1 If V ∈ Spec(Uε(G)) and O = ϕ(V ) then ℓ dim(O)2 divides dim V .
Conjecture 1 has been confirmed in several cases listed in the Introduction. It
is natural to try to seek for relations among fibers through ϕ of conjugacy classes
of the same dimension in a given family. We will do so for Jordan classes (de-
composition classes) and for sheets.
2.1 Quantized Levi subalgebras and parabolic subalgebras
Let us consider a standard parabolic subgroup P of G with standard Levi decom-
position P = LUP and basis ΠL ⊂ Π of the corresponding root subsystem ΦL.
We recall that L is simply-connected since G is so.
The subalgebra generated by Uε(T ) and the Ei, Fi for αi ∈ ΠL is isomorphic
to Uε(L).
Let wL be the longest element in the Weyl group WL of L and let NL =
|ΦL ∩ Φ
+|. From now on we shall always consider a reduced decomposition
of w0 = si1 · · · siN such that the product of the first NL terms is equal to wΠ.
Thus, Eβ and Fβ lie in Uε(L) for every β ∈ Φ+L and the PBW-bases for Uε(L)
and Uε(G) are compatible. Like we did for G, we may define Z0(L) ⊂ Z0(G)
and the restriction map ΞL. Moreover, the construction of π and the dual group
holds for any connected reductive algebraic group with simply-connected simple
factors. In particular, it holds for L a Levi subgroup of G ([12, §5]) and it is clear
from its description that the map π and the corresponding map πL on the Poisson
dual HL are compatible. Besides, by our choice of the reduced decomposition of
w0, if χ ∈ Spec(Z0(G)) and χ+ = 0, then for the corresponding maps π±L , the
restriction to Z0(L) of χ+ is χ+L = 0 and π−(χ−) ∈ U−P π−L (χ−L).
An analogue of the map ϕ can be defined also on Spec(Uε(L)) and we will
indicate it by ϕL.
By [12, Lemma 5.1] we have
(2.1) Uε(L) ∼= (Uε([L, L])⊗ k[Z(L)◦])Γ
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where Γ is the kernel of the isogeny φ : [L, L] × Z(L)◦ → L and its action on
Uε([L, L])⊗ k[Z(L)
◦] is the natural one.
The quantized parabolic subalgebra Uε(P ) is the subalgebra of Uε(G) gener-
ated by Uε(L) and all the Ei’s. By the Poincare´-Birkhoff-Witt theorem, Uε(P ) is
again finite over the subalgebra Z0(P ) generated by Z0(L) and all the ℓ-th pow-
ers of the positive root vectors Eα. Let us consider W ∈ Spec(Uε(P )), such
that its associated Z0(P )-character χ is trivial on Z0(P ) ∩ Z+0 (G). Then, the
ideal of Uε(P ) generated by the root vectors Eα for α in Φ+ \ ΦL is nilpotent,
so it must act trivially on W . Hence, W ∈ Spec(Uε(L)), with Uε(L) viewed as
a quotient of Uε(P ). Conversely, the action on every Uε(L)-module may be ex-
tended uniquely to an irreducible Uε(P )-action by letting the Eα for α in Φ+ \ΦL
act trivially. In other words, if χ ∈ Spec(Z0(L)) is such that χ+ = 0, then
we may consider the quotients Uχ(L) = Uε(L)/(z − χ(z), z ∈ Z0(L)) and
Uχ(P ) = Uε(P )/(E
ℓ
α, α ∈ Φ
+; z − χ(z), z ∈ Z0(L)) and there is a natural
bijection between Spec(Uχ(L)) and Spec(Uχ(P )).
Let χ be a central character in Spec(Z0(G)) with π(χ) ∈ B− and let χL be its
restriction to Z0(L). We define the parabolic induction map
IndG,χL : Spec(UχL(L)) → Rep(Uχ(G))
V → Uχ(G)⊗UχL (P ) V
By Poincare´-Birkhoff-Witt’s theorem we have
(2.2) dim IndG,χL V = ℓ|Φ
+|−|Φ+
L
| dimV.
Conversely, if V ∈ Spec(Uχ(G)) with π(χ) = b− ∈ B−, and if V =
IndG,χL W for some W ∈ Spec(Uε(P )) and some standard parabolic subgroup P
with Levi subgroup L, then ΞL(W ) is obtained by restriction of Ξ(V ) to Z0(L).
By construction, π ◦Ξ(V ) ∈ (U−P )(πL ◦XL)(W ) so we have πL ◦XL(W ) = b′ ∈
B ∩ L and b ∈ U−P b′ .
2.2 Jordan classes
We are ready to describe the relation with the first type of families of conjugacy
classes. Notation is as in Section 2.
Definition 2.2 Let H be a connected reductive algebraic group. A Jordan class
or decomposition class is an equivalence class with respect to the relation on
H defined by: g ∼ h if g = su, h = rv and there exists x ∈ H such that:
Hxsx
−1◦ = Hr◦; the classes OHr◦
xux−1
and OHr◦v coincide; and xsx−1 ∈ Z(Hr◦)◦r.
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There are finitely many Jordan classes in H and the Jordan class J(su) of
g = su equals H · (Z(Hs◦)◦s)regu where by (Z(Hs◦)◦s)reg we denote the subset
of Z(Hs◦)◦s consisting of elements whose centralizer has minimal dimension,
that is, of those elements in Z(Hs◦)◦s whose connected centralizer equals Hs◦.
In general, Hs◦ is not necessarily a Levi subgroup ofH butL = CH(Z(Hs◦)◦)
is so. It is the minimal Levi subgroup of H containing Hs◦ and we call it the Levi
envelope of Hs◦. There holds Z(L)◦ = Z(Hs◦)◦.
Let us also recall that if H is simply-connected, then the centralizer of any
semi-simple element is connected.
We reformulate the following well-known result:
Theorem 2.3 ([9, Theorem §8]) Let G be semi-simple and simply connected. Let
g = us ∈ U−T be the Jordan decomposition of an element in G such that
L = CG(Z(G
s)◦) is a proper standard Levi subgroup of G. Then, for every V
in ϕ−1(OGg ), with π(χ) = g, there exists a unique W ∈ ϕ−1L (OLg ) such that
V = IndG,χL W . Besides, parabolic induction establishes a bijection between
Spec(Uχ(G)) and Spec(Uχ(L)).
As a consequence of the above Theorem, we have:
Theorem 2.4 Let the conjugacy classes OGg and OGh lie in the same Jordan class,
with g having Jordan decomposition g = us ∈ U−T and such that the Levi
subgroup L = CG(Z(Gs)◦) is standard. Let π(χ) = g and π(ξ) = h. Let
ϕ−1(OGg ) = {V1, . . . , Vm} and ϕ−1(OGh ) = {V ′1 , . . . , V ′n}. Then, m = n and
there is a 1-dimensional Uε(L)-module Vλ such that, up to a permutation of the
indices, if Vi = IndG,χL Wi then V ′i = IndG,ξL (Wi ⊗ Vλ).
Proof. Without loss of generality we may assume that the Jordan decomposition
of h is h = ur with Gr = Gs and r = zs for z ∈ Z(L)◦. A central character χz
such that π(χz) = z satisfies χz(K2ℓµ ) = µ(z) for every µ ∈ Λ. In particular, for
every α ∈ ΦL we have χz(K2ℓα ) = 1. We may assume thus that ξ = χχz.
By (2.1), the subalgebraUε(L) is a subalgebra of the tensor productUε([L, L])⊗
C[Z(L)◦]. Moreover, Z(L)◦ = ML ⊗Z C∗ where ML is the lattice of cocharac-
ters which are trivial on ΠL. We shall denote by {η∨1 , . . . , η∨k } a basis of ML, for
k = |Π| − |ΠL|, and by {θ1, . . . , θk} its dual basis in HomZ(ML,Z).
Let us fix scalars λi for i = 1, . . . , k satisfying λ2ℓi = θi(z). Such scalars
define a one-dimensional representation of C[Z(L)◦] ∼= C[K±1θi ]1≤i≤k which we
shall denote by Cλ. Tensoring with the trivial Uε([L, L])-module, we obtain a
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Uε([L, L])⊗C[Z(L)
◦]-module Vλ whose restriction to Uε(L) is a one-dimensional
module with central character χz.
Let Vi be an irreducible Uχ(G)-module. Then, there is a unique irreducible
Uχ(L)-moduleWi such that Vi = IndG,χL Wi. On the other hand, tensoring with Vλ
sets up a bijection between Spec(Uχ(L)) and Spec(Uχχz(L)). Parabolic induction
determines a bijection between Spec(Uχχz(G)) and Spec(Uχχz(L)). Hence, m =
n and, up to reordering of the terms, we have V ′i = Ind
G,χχz
L (Wi ⊗ Vλ) for every
i = 1, . . . , m. 
It follows from the above theorem, although it is already implicit in Theo-
rem 2.3, that in order to verify Conjecture 1 it is enough to confirm it for the
finitely many Jordan classes, because of (2.2).
It is pointed out in [9, Remark 8.1] that the Uε(L)-module W in Theorem 2.3
remains irreducible when restricted to the subalgebra Uε(L)′ generated by the root
vectorsEα, Fβ corresponding to roots in ΠL and by the Kβ for β in the root lattice
of ΦL. with notation as in Theorem 2.4, the irreducible Uε(L)′-modules associated
with Vi and V ′i coincide.
2.3 Sheets of conjugacy classes
In this section we deal with the second type of families of conjugacy classes.
Let H be a connected reductive algebraic group and let X be a H-variety. The
irreducible components of the locally closed subsets
X(n) = {x ∈ X | dimH · x = n}
are called the sheets of X . The sheets for the adjoint action on X = h have been
studied in detail in [1, 2]. In analogy to this situation, the sheets of conjugacy
classes in X = H have been studied in [7]. Every sheet in H(n) can be described
as H(n)∩J(g) for a unique Jordan class J(g). A sheet S whose dense Jordan class
is J(g) will be also denoted by S(g). Clearly, if g ∼ h, then S(g) = S(h).
When we write S = S(su) we shall always mean that su is the Jordan decom-
position of an element in H and that s, u are chosen with u ∈ U− and s ∈ T such
that the Levi-envelope of Hs◦ is standard. Sheets are best described in terms of
induced conjugacy classes. These are defined as follows.
Let L be a Levi subgroup in H , let P = LUP be a parabolic subgroup of H ,
and let OLl be a conjugacy class in L. The H-conjugacy class induced by OLl is
O := IndHL,P (O
L
l ) := H · (O
L
l UP )
reg
, where reg denotes the subset of elements
with centralizer of minimal dimension. Since the semisimple parts of the elements
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in OLl UP are all H-conjugate and, by work of Dynkin and [16, Corollary 3.7,
Lemma 5.1], there are only finitely many unipotent classes in a reductive group,
the set O is indeed a H-conjugacy class. Induced unipotent conjugacy classes
have been extensively studied in [18], whereas induced adjoint orbits have been
addressed in [1]. In particular, they are independent of the choice of the parabolic
subgroup P with Levi factor L. It was shown in [7] that
(2.3) IndHL,P (OLsu) = H · (s IndH
s◦
Ls◦ (O
Ls◦
u )).
Hence, independence of the parabolic subgroup, transitivity, and the dimension
formula in [18] follow in the general group case from the unipotent case:
(2.4) dim IndHL,P (OLsu) = dimH − dimL+ dimOLsu
and we may omit the index P in IndHL,P .
For a sheet S = S(su) we have:
(2.5) S = H(n) ∩ J(su) =
⋃
z∈Z(Hs◦)◦
IndHL (O
L
zsu)
where L is the Levi-envelope of Hs◦.
The conjugacy classes in S lying in the dense subset J(su) are those for which
zs ∈ (Z(Hs◦)◦s)reg and in this case IndHL (OLru) = OHru. For those classes, Theo-
rem 2.4 establishes a relation between fibers of ϕ. We would like to analyze the
situation at boundary points, that is, at classes in (J(su) \ J(su)) ∩ S. Let us
first state a few basic properties about parabolic induction of representations and
induction of conjugacy classes.
Lemma 2.5 Let G be simply-connected. Let V ∈ Spec(Uε(G)), let L ⊂ L′
be standard Levi subgroups of the standard parabolic subgroups P ⊂ P ′. Let
χ ∈ Spec(Z0(G)) with π(χ) ∈ B− and assume V = IndG,χL W for some W ∈
Spec(UχL(L)). Then V = Ind
G,χ
L′ W
′ for some W ′ ∈ Spec(UχL′ (L′)). If, in
addition, OGπ(χ) = Ind
G
L(O
L
πL(χL)
) then
OGπ(χ) = Ind
G
L′(O
L′
πL′ (χL′)
), and OL′π(χL′ ) = Ind
L′
L (O
L
πL(χL)
).
Proof. The first assertion is standard: let X = Uχ(G), Y = UχL′ (P
′), Z =
UχL(P ). Then V ∼= X⊗ZW ∼= X⊗Y Y ⊗ZW and the Z-module W ′ = Z⊗Y W
is necessarily irreducible because V is so.
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For the second statement we have π(χ) = ul ∈ (U−P l)reg, and u = vl′ ∈
U−P ∩ U
−
P ′L
′
, with l = π(χL) and l′l = π(χL′). Therefore we need to show that
ul = vl′l ∈ (U−P ′ l
′l)reg in G and l′l ∈ (U−P )reg in L′. It is enough to prove that
dimOGul = dim Ind
G
L′(O
L′
l′l ) and dimOL
′
l′l = dim Ind
L′
L (O
L
l ). We have
dimG− dimL+ dimOLl = dimO
G
ul
= dimOGvl′l
≤ dim IndGL′(O
L′
l′l )
= dimOL
′
l′l + dimG− dimL
′
≤ dim IndL
′
L (O
L
l ) + dimG− dimL
′
= dimL′ − dimL+ dimOLl + dimG− dimL
′
= dimG− dimL+ dimOLl
so equality holds in all steps, yielding the statement. 
Proposition 2.6 Let L be a standard Levi subgroup of a connected reductive al-
gebraic group H and let su be the Jordan decomposition of a representative of
the L-class OLsu, with s ∈ T and u ∈ U ∩ Ls◦. Then, IndHL (OLsu) = OHsu if and
only if L ⊃ Hs◦.
Proof. If L ⊃ Hs◦, equation (2.3) shows that IndHL (OLsu) = OHsu. Conversely, if
equality holds, (2.4) and (2.3) give dimHsu = dimLsu so Hsu◦ = Lsu◦.
We shall show that this is possible only if Hs◦ ⊂ Ls◦. Let Φs = {α ∈
Φ | α(s) = 1}. We may thus write:
Hs◦ = 〈T,Xα, α ∈ Φs〉; L = 〈T, Xα, α ∈ ΦL〉.
We may choose a basis for Φs consisting of not necessarily simple, but positive
roots. Let β be a highest root in a simple componentΨ of Φs. Then, Xβ commutes
with u ∈ Hs◦ ∩ U , so it lies in Hsu,◦ = Lsu,◦. Since L is standard, the support of
β lies in ΦL. Thus, the basis of each component of Φs lies in ΦL. 
Proposition 2.7 Let G be simply-connected, let s ∈ T and let L be a standard
Levi subgroup such that Gs ⊂ L. Let V be an irreducible Uχ(G)-module such
that ϕ(V ) = OGsu. Then V = Ind
G,χ
L W for a unique W such that ϕL(W ) = OLsu.
Proof. By Lemma 2.5 and Proposition 2.6, in order to prove the existence of W ,
it is enough to consider the case of L a minimal standard Levi subgroup contain-
ing Gs, that is, when L is the Levi-envelope of Gs. This is Theorem 2.3. The
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proof of uniqueness in there applies also to the case of a general standard Levi
subgroup L containing Gs. We recall here the argument for completeness. Let
V = IndG,χL W = Ind
G,χ
L W
′ for two irreducible Uχ(L)-modules W and W ′. By
Remark 2.1, part 3 and Proposition 2.6, we may assume that π(χ) = π(χL), that
is, we may assume that χ(F ℓα) = 0 for every α 6∈ ΦL. Thus, Uχ(G) has a unique
natural Z-grading obtained by setting deg(UχL(L)) = 0 and deg(Fα) = 1 for
α ∈ Π \ ΠL. The Uχ(G)-module V is naturally Z-graded by setting V0 = W . By
construction, Vj = 0 for j < 0. It is not hard to prove that the natural projection
π0 of V onto V0 = W is UχL(L)-equivariant. Therefore, its restriction to W ′ is
either an isomorphism or the trivial map. However, if π0(W ′) = 0, that is, if
W ′ ⊆
⊕
j>0 Vj , then we would have
V = IndG,χL W
′ =
∑
ai≥0
F aNβN · · · F
aNL+1
βNL+1
W ′ ⊆
⊕
j>0
Vj,
which is impossible. 
The above statements lead us to the formulation of the following conjecture:
Conjecture 2 Let G be simply-connected. Let V be an element of Spec(Uχ(G))
with π(χ) = g ∈ B−. If OGg = IndGL′(OL′l ) for some class OL′l in a stan-
dard Levi subgroup L′ of a parabolic subgroup P of G, then, there exists W ∈
Spec(UχL′ (L
′)) such that V = IndG,χL′ (W ).
We point out that, by construction, if a module W such that V = IndG,χL′ (W )
exists, then W is irreducible and we necessarily have ϕL′(W ) = OL
′
l .
Let S = S(su) and let OGh ∈ J(su). Then, by (2.3) we have the equality
OGh = Ind
G
L(O
L
su) for L the Levi-envelope of Gs. So, Theorem 2.3 confirms
Conjecture 2 in this case. For this reason, Conjecture 2 should be seen as an
extension to J(su) ∩ S of Theorem 2.3. We will now see that Conjecture 2 may
be formulated as a statement about sheets.
We recall that an element h ∈ H with Jordan decomposition h = su is called
isolated ([17]) or exceptional ([9], where a complete list of exceptional semisim-
ple elements is given) if the Levi envelope of Hs◦ is H .
A unipotent element in H is called rigid if its class is not induced from a class
of any proper Levi subgroup of H . Rigid unipotent conjugacy classes have been
classified in [14, 15], and a complete list is available in [20]. Each rigid unipotent
class is itself a sheet in [H,H ]. In analogy to this, rigid elements in a semisimple
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group H ′ have been defined in [7] as those whose class is a single sheet in H ′.
We may extend this definition to elements in H by saying that h ∈ H is rigid if
Z(H)◦OHh is a sheet.
The following statement can be deduced from [7] and we state it here for
completeness’ sake.
Lemma 2.8 Let H be a connected reductive group and let h ∈ H with Jordan
decomposition h = su. Then the following are equivalent:
1. OHh is rigid;
2. The element h is isolated in H and OHs◦u is a rigid unipotent class in Hs◦;
3. OHh is not induced from a class in any proper Levi subgroup of H .
Proof. Assume 1 holds. Then, J(h) ⊂ Z(H)◦OHh ⊂ J(h) so, if h = su is
the Jordan decomposition of h, we have Z(Hs◦)◦ = Z(H)◦ that is, h is isolated.
Moreover, by [7, Thm. 5.6(a)], the unipotent class OHs◦u is rigid, whence 2 holds.
Assume now that 2 holds. Then, by [7, Prop. 5.3(b,c)], the class OHh is not
induced from a class in any proper Levi subgroup of H .
Assume now 3 holds and let S = S(rv) be a sheet containing OHh . Then by
(2.5) we necessarily have CH(Z(Hr◦)) = H , and, up to conjugation, su = zrv
for some z ∈ Z(H)◦ so S = Z(H)◦OHrv = Z(H)◦OHsu. 
Theorem 2.9 Let G be simply-connected, let V be an element of Spec(Uχ(G))
and let π(χ) = g ∈ B−. The following are equivalent:
1. Conjecture 2.
2. If Og lies in the sheet S = S(us), then, there exists W ∈ Spec(UχL(L))
such that V = IndG,χL (W ), forL the Levi-envelope ofGs and πL(χL) = us.
Proof. By (2.5), Conjecture 2 implies statement 2. On the other hand, Lemma 2.5
shows that it is enough to confirm Conjecture 2 forOGg = IndGL (OLl ) andOLl rigid
in L. By Lemma 2.8, the element l = us is isolated and OGsu is a rigid unipotent
class. In other words, the Levi-envelope of Gs is L so by [7, Thm. 5.6(a)] and
(2.5), the Jordan class J(l) is dense in a sheet containing OGg . 
The remainder of the paper is devoted to consequences of this conjecture and
evidence of it.
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Remark 2.10 Assume Conjecture 2 holds for a conjugacy classOGg = IndGL(OLl ).
Then, if Conjecture 1 holds for OLl then Conjecture 1 holds for OGg . Indeed, by
(2.2)
dimV = dim IndG,χL W = ℓ
|Φ+|−|Φ+
L
| dimW = ℓ
dimG−dimL
2 dimW
so if ℓ dimO
L
l
2 divides dimW then ℓ
dimOL
l
+dimG−dimL
2 = ℓ
dimOGg
2 divides dim V by
(2.4).
We have already pointed out that in order to prove Conjecture 1 for a group G,
it is enough to prove it for isolated classes. If Conjecture 2 were confirmed, in or-
der to prove Conjecture 1, it would be enough to prove it for all rigid classes. Since
in type A all Levi subgroups are of type A, isolated elements are only unipotent,
and unipotent rigid elements are trivial ([20]), Conjecture 2 would imply Conjec-
ture 1 recovering Kremnitzer’s result in type A. We can similarly deal with a few
more cases.
Proposition 2.11 If G is of type G2, then Conjecture 2 for G implies Conjecture 1
for G.
Proof. By Remark 2.10 we would need to verify Conjecture 1 for rigid conjugacy
classes in G and rigid conjugacy classes in all possible Levi subgroups of G. The
rigid conjugacy classes in G are: the two isolated semisimple classes in the list in
[9], and the unipotent classes labeled by 0, A˜1 and A1 according to Elashvili’s list
of rigid classes ([20, p. 173]). They are all spherical so Conjecture 1 holds for
representations associated with such classes by [6]. Proper Levi subgroups in G
are all of type A1, so the statement follows. 
Proposition 2.12 If G is of type C3, B3, or D4, then Conjecture 2 for G implies
Conjecture 1 for G.
Proof. In type C3 the rigid orbits are either isolated semisimple, unipotent of
type 0 or A1, nor semisimple nor unipotent with centralizer of type A1 × C2 and
unipotent part in C2 of type A1. Such classes are all spherical, hence Conjecture 1
holds for them by [6]. Since Levi subgroups are either of type C2 or products of
type A, and since in type C2 Conjecture 1 is confirmed in [6, Corollary 33], the
statement follows for C3.
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In typeB3 the non-trivial rigid classes are either semisimple isolated or of type
2A1, hence they are all spherical and Conjecture 1 is confirmed by [6]. Proper Levi
subgroups are of typeC2 or products of typeA, so if Conjecture 2 were confirmed,
Conjecture 1 would be verified in type B3.
In type D4 non-trivial rigid classes are either rigid unipotent with partition
(3, 22, 1) or (22, 14) or semisimple isolated, and they are spherical, so Conjecture 1
holds for them. Since all Levi subgroups are products of type A, we have the
statement. 
We end the paper by pointing out evidence of Conjecture 2 available in the
literature.
Proposition 2.13 LetOGg be a regular conjugacy class inG and let V ∈ Spec(Uχ(G))
with π(V ) = OGg . Then Conjecture 2 holds for OGg .
Proof. Every regular conjugacy class is induced from the class of its semisim-
ple part, with trivial Levi subgroup L = T . Let v be a highest weight vector
in V . Then W = Cv is an irreducible UχT (T )-module and V is a quotient of
V ′ = IndG,χT W . By [11, Thm 5.1], we have dim V = ℓ|Φ
+| = dim V ′, so
V = IndG,χT W . The general statement follows from Lemma 2.5. 
Proposition 2.14 If G is of type An−1 and OGg is a subregular unipotent conju-
gacy class, then Conjecture 2 holds.
Proof. The subregular unipotent conjugacy classOGg in typeAn−1 is induced from
the trivial class in a Levi subgroup of type A1. It was shown in [5, Thm. 3.11] that
all representations V in Spec(Uε(G)) for which ϕ(V ) = OGg are induced from a
representation of Uε(L) where Uε(L) is a reductive quantized enveloping algebra
corresponding to a Levi subalgebra with semisimple part of type A1. 
Corollary 2.15 Conjecture 2 holds for OGsu whenever the derived subgroup of the
Levi envelope L of Gs is of type Aa1 × · · · × Aak with ai ≤ 2.
Proof. By Theorem 2.3 every irreducible module V such that ϕ(V ) ∈ OGsu is in-
duced from an irreducible UχL(L)-module L. On the other hand, as in the proof of
Theorem 2.4 we see that every irreducible UχL(L)-module is, up to tensoring with
a one-dimensional representation, a module W for which ϕL(W ) is a unipotent
class in [L, L]. By the discussion above, Conjecture 2 holds for G = SL2(C) and
SL3(C) so we conclude by using Lemma 2.5. 
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Corollary 2.16 Let G = SLn(C) and let s ∈ T be such that each eigenvalue of s
is repeated at most 3 times. Then, Conjecture 2 holds for OGsu, for every u ∈ Gs.
Proof. Immediate from Corollary 2.15 
Remark 2.17 Most of the statements for Uε(G) are still valid or may be mod-
ified in order to hold for G not-necessarily simply-connected. In this case, the
centralizer of a semisimple element should be replaced by its identity component.
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